We have not been able to produce an example of a principal left ideal domain which is not right principal, but if such an example exists it must have more than one simple right JK-module. This problem is also mentioned in Cohn's new book, Free Rings and Their Relations. I* A theorem on hereditary noetherian rings* All rings will be understood to be associative with identity element. Mod-JK (resp., jR-mod) will denote the category of all right ^-modules (left i2-modules) R A(A B ) will denote the fact that A belongs to ϋί-mod (mod-iϊ). A left (right) Ore domain is an integral domain (i.e., a ring without divisors of zero) which possesses a classical left (right) quotient ring which is necessarily a division ring (see [4] ). A ring R is left hereditary (χ 0 -hereditary, semihereditary) if each left ideal (countably generated left ideal, finitely generated left ideal) is protective in .β-mod. Similar definitions hold on the right. Some of the ideas occurring in the proof of Theorem 2 stem from the paper by Webber [9] . LEMMA Since Mφ R some Qi$ R, but ?<Λf c i?, so the map given by 1 -h gί + R is the desired embedding of R/M into Q/JS. 2 implies 1: Since S is simple, the hypothesis implies that S is embeddable in either R or Q/R. If S is a submodule of JB, then the semi-primeness of R forces S to be generated by an idempotent. If S is embeddable in Q/R, let qMczR with qgR and S** R/M. Then # -jr 1^ since the quotient ring is two-sided. But then qR + R(Z b~ιR ** R, and is thus protective. The exact sequence:
gives the desired presentation. be a descending chain. These are all finitely generated, hence project ive.
We now use the fact that the functor Ή.om R (-R) defines a category anti-equivalence between finitely generated left and right projectives to obtain a sequence
where none of the maps are isomorphisms unless the chain stops. Now, we embed this sequence as a chain in R by /i-> f(c). This is a left ϋ?-module map, and is an embedding because cR is large and the right singular submodule of R is zero [i.e., if f(e) = 0, x e Domain /, and I = {r\xrecR}, then I is large, and f(x)I= 0]. This yields a strict ascending chain of left ideals which must stop, so that the original chain must also have stopped.
Now since R/A is artinian it contains a simple submodule, say A'/A. Now A f is protective and we have an exact sequence:
and by Lemma 1 an exact sequence
with K finitely generated and P projective. As in Lemma 1, A is finitely generated by ShanueΓs lemma.
IL We now apply the results of the previous section to obtain information about the right side of a two-sided Goldie ring which is semi-prime and left principal.
LEMMA 3. Let R be left {or right) Goldie and let x be a non-zero divisor in R, then there is an anti-isomorphism of partially ordered sets between principal left ideals containing x and principal right ideals containing x.
Proof. Let uR be a right ideal containing x. Then, since x = ur for some r, u is left regular. Since R is an order in a semi-simple ring, a left regular element must be right regular, because such an element will have a two-sided inverse in the quotient ring. Thus, u is right regular. In particular, r x and r 2 are units, and ur x = u'r 2 , so uR = u f R. One also checks easily that H is order reversing.
The following lemma is surely in the literature, but we have been unable to locate it. LEMMA 
Let R be a semi-prime principal left ideal ring, then R is left hereditary.

Proof. If Rx is a principal left ideal, then there is a left ideal
Rh such that Rx 0 Rh = Rd is essential. But since R is left Goldie, the element d is regular, so Rd is projective, being isomorphic to R. Thus Rx is projective since it is a summand of Rd.
The following is the main result of this section. THEOREM 
Let R be a semi-prime principal left ideal ring which is right Goldie. Let Q be its classical quotient ring. Then the following are equivalent:
1
. (Q/R) 0 R contains a copy of every simple right R-module. 2. R is a principal right ideal ring.
Each maximal right ideal of R is principal. 4. (Q/R) 0 Q is an injective cogenerator as a right R-module. 5. Countably generated right ideals are projective. 6. R/A is an artinian module for every essential left ideal A.
Proof. 1 implies 2: By Lemma 4, R is left semi-hereditary, thus Theorem 2 applies and we conclude that R is right noetherian. But 3.7 of [7] asserts that a semi-prime two-sided noetherian ring is principal on the left if and only if it is principal on the right. Thus we have 2. 4 implies 1: Q is an essential extention of R as a right i? module, thus any simple right J2-module which is contained in Q is also contained in R.
2 implies 5: Lemma 4. 5 implies 2: It is well known that the hypotheses on R imply that the right singular ideal of R is 0. Thus, by Corollary 1 of [8] , protective right ideals are finitely generated. So, countably generated right ideals are finitely generated, and R is noetherian. The conclusion now follows from 3.7 of [7] .
2 implies 6: A will contain a regular element x, and there is an exact sequence R/Rx -> R/A ->0. Now R/Rx is artinian by Lemma 3, since R/xR is noetherian, so R/A is artinian.
6 implies 2: By 3.6 of [7] , finitely generated right ideals are principal, thus any ascending chain of finitely generated right ideals may be written as a chain of principals. Let xJH c x 2 R be such a chain. Let T = U x t R and K be a right ideal maximal with respect to the property that T f] K = 0. Then T(& K is essential, so by the Goldie theorems there is a regular element x n r + k in ΓφϋΓ. We then have an ascending chain x n R ζ&kRc x n+1 R φ kR which must stop by Lemma 3 and the hypothesis. This shows that R is simple artinian since it will be a homomorphic image of finitely many copies of R S (write 1 = Σs^) and has a unique simple left i?-module. Thus R will be right principal.
Theorem 2 and its consequence, Theorem 5, have an interesting specialization. PROPOSITION Proof. 2 implies 1 is easy, since by the Goldie theorems A will have a generator which is regular. 1 implies 2: Let d e Q be such that A = {r e R \ dr e R). Let A~ι = {qeQlqAczR).
Then, A contains a regular element x, and A~ιx is a left ideal generated by qx. Now, since 1 e A~\ x e A^x, so there is an seR with sqx = x. Thus, s is regular and q -s" 1 since we may cancel x. Thus, s^A c R, or A £ si2,
On the other hand, we have that dx = ps" 1^, which implies that dsse R, when we cancel as. Thus, s e ^L, and the result follows. We close with a proposition which shows that one can say something about the right side of a principal left ideal domain with the Ore condition. Recall, a domain is a 2-ίir if, whenever Ra Π Rb Φ 0, Ra Π Rb and Ra + Rb are principal. This definition is left-right symmetric [6] . PROPOSITION 
Let R be a 2-fir with the ascending chain condition on principal left ideals, then the intersection of any number of principal right ideals is again principal.
Proof. By Lemma 3.3 of [6] , any finite intersection of principals is principal. Consider the descending chain b^R D hR Π b 2 R of principal right ideals. If this intersects to zero we are done. If not, then the intersection contains x Φ 0, and by Lemma 3 the chain stops.
In particular, in a principal left ideal domain, the intersection of any number of principal right ideals is again principal.
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